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Quasinormal oscillation modes of neutron stars provide a means to probe their interior composition
using gravitational wave astronomy. We compute the frequencies and damping times of composition-
dependent core g-modes of neutron stars containing quark matter employing linearized perturbative
equations of general relativity. We find that ignoring background metric perturbations due to the oscillating
fluid, as in the Cowling approximation, underestimates the g-mode frequency by up to 10% for higher mass
stars, depending on the parameters of the nuclear equation of state and how the mixed phase is constructed.
The g-mode frequencies are well described by a linear scaling with the central lepton (or combined lepton
and quark) fraction for nucleonic (hybrid) stars. Our findings suggest that neutron stars with and without
quarks are manifestly different with regards to their quasinormal g-mode spectrum, and may thus be
distinguished from one another in future observations of gravitational waves from merging neutron stars.
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I. INTRODUCTION

Neutron stars (NSs) are natural laboratories to study the
behavior of matter under extreme conditions of density,
rotation and magnetic fields [1,2]. They are observed across
many wavelengths of the electromagnetic spectrum, from
radio waves to x-rays and gamma-rays, using a variety of
instruments and telescopes [3]. Recent observations of
merging NSs via gravitational waves have ushered in a
multi-messenger characteristic to research in this area (for
recent reviews, see [4,5]). Pioneering measurements of
pulse modulation profiles by the recently launched NICER
(Neutron Star Interior Composition Explorer) mission is
advancing the goal of constraining the equation of state of
dense matter by setting precise limits (≈5%) on the radius
of a neutron star [6,7].
However, the interior composition of the NS core is

likely to remain uncertain if only global and static proper-
ties of the star, like mass and radius, are measured. Even
with few % precision in these quantities, one cannot
distinguish between the many forms and ways in which
exotic matter can appear in the core of neutron stars [8–11].
Definitive signatures of such exotic matter in static NS
observables is elusive, but new frontiers in multimessenger

astronomy, such as gravitational waves, can provide new
insight. For example, when two neutron stars merge, the
tidal forces from one component NS on the other can excite
secular quasinormal modes (QNMs) that affect the phase of
the gravitational waveform [12,13]. Characteristics of some
of these QNMs, in particular, the core g-mode [14–17]
depend strongly on the composition of the star. Detecting
these QNMs in mergers or isolated NSs remains an
observational challenge, but in principle, this offers a
method to constrain the composition.
The study of QNMs originated in black holes with the

work of Regge and Wheeler [18], Vishveshwara [19] and
Zerilli [20]. The application to neutron stars was begun by
Thorne and Campolattaro [21], followed by numerous
other works (for a review, see [22] and relevant references
therein). Normal modes of neutron stars are traditionally
categorized by the restoring force that tries to bring the
perturbed star back to equilibrium. Not all of these modes
couple to gravitational waves, but all of them are typically
subject to dissipation, hence they are regarded as “quasi”-
normal modes.
Our focus in this work is on the g-mode since it is an

example of a secular1 QNM that appears to be strongly
correlated with the composition of the core, displaying a
remarkable sensitivity to the onset of new species of
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1The term secular refers to the fact that some of these modes
are long-lived, as the dissipation is small.
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particles [16,17]. To be clear, these are different from the
oft-studied discontinuity g-modes [23,24] which arise from
a sharp change in the density in the interior, as for example
at the boundary of a Maxwell-type first-order transition
[25–27] or the core-crust boundary [28]. In principle, there
is an infinite tower of composition-dependent core g-modes
in the star. We study only the lowest order g-mode. It has
the highest frequency of all such g-modes and is within the
sensitivity range of the current generation of gravitational
wave (GW) detectors. They could be excited by strong tidal
effects during the inspiral phase of NS mergers [29]. We
also note that while studies of the g-mode abound in the
literature, several choose to employ the Cowling approxi-
mation [30–32]. In fact, the composition g-modes pio-
neered in the work of Reisenegger and Goldreich [14,15]
used Newtonian gravity for simplicity, and subsequent
works [31,33,34] used the relativistic Cowling approxima-
tion in lieu of a fully general relativistic treatment. There
are no extant studies of composition g-modes for realistic
neutron or hybrid stars that employ general relativity (GR).
We take this opportunity to “fill the gap” in the literature, as
well as to shed new light on how gravitational wave
astronomy could play an important role in uncovering
the role of quarks or other forms of exotic matter in
neutron stars.
In recent works [16,17], we investigated the role of

composition gradients, including phase transitions to quark
matter, on the sound speeds and g-modes in neutron stars.
We found a rise in the frequency of the g-mode at the onset
of quark matter that was most pronounced in the case of a
Gibbs mixed phase [16] and less so in the case of a
crossover [17]. These results were obtained in the relativ-
istic Cowling approximation (which neglects perturbations
of the background metric). Completing the analysis and
confirming that this effect is robust, we present the results
of calculations of such core g-modes of hybrid stars in a
fully general relativistic framework. We compare our
results in GR to those from the Cowling approximation,
finding generally good agreement as expected. We also
compute the damping time of core g-modes due to
gravitational wave emission, which is only made possible
by the general relativistic prescription.2

This paper is organized as follows. Section II is a review
of the linearized equations in GR that describe polar
oscillation modes of an ideal self-gravitating fluid. This
recap largely follows the presentation by Lindblom and

Detweiler [37,38], and establishes our working equations
up front, and their reduction to the Cowling approximation.
Section III describes the specific EOS employed to treat the
phase transition, along with a discussion of the relevant
parameters that affect basic neutron star properties (mass,
radius,composition). In Sec. IV, we present a comparison of
our results in GR against the Cowling approximation, as
well as some scaling relations. We also discuss the
relevance of our results to compact stars and gravitational
wave searches for their quasinormal oscillation modes in
this section, and summarize our conclusions in Sec. V.

II. ASTEROSEISMOLOGY IN GENERAL
RELATIVITY

The asteroseismology of compact objects like neutron
stars and black holes requires a general relativistic frame-
work to address the stability of the oscillations and
emission of gravitational waves [39]. The main oscillation
modes and their implications for asteroseismology are
reviewed in [40–42]. For the f-mode of neutron stars,
which is sensitive to compactness [40] or moment of inertia
[43] and static tidal polarizability [44,45], but not to
composition,3 post-Newtonian formulas can provide rea-
sonable estimates of its frequency and damping time [40].
These estimates hold up well in a general relativistic
calculation and for different microscopic EOS. As pointed
out recently [46], the existence of universal (EOS-inde-
pendent) scaling relations for the f-mode frequency and
damping time in general relativity are not unexpected,
given that analytically solvable models in general relativity,
such as the Tolman VII solution, have density profiles in
accordance with a wide range of EOS [47].
Whether g-modes, which arise from compositional

differences, exhibit any sort of scaling with global stellar
or material properties in general relativity is an open
question. Another reason to study g-modes in GR is that
they can be dynamically excited by tidal forces in a binary
merger [48], providing compositional information in the
early gravitational wave signal that cannot be gleaned from
the static tidal deformability/Love number. This composi-
tional component in the dynamical tide is expected to be
small compared to the f-mode [49], but may be teased out
even at the few percent level by future detectors such as the
Einstein telescope or the Cosmic Explorer [46]. As an
aside, perturbations of classical gravitational backgrounds
in GR also serve as a tool for computing transport proper-
ties of strongly coupled quantum field theories via the
gauge-gravity holographic duality with applications to the
quark-gluon plasma [50].

2We do not explicitly report results for damping times in this
work. It suffices to mention that this damping time is found to be
extremely long compared to merger timescales for nonrotating
stars. However, g-modes of neutron stars that rotate sufficiently
rapidly can have much shorter damping times [35], making them
unstable to gravitational wave emission. Therefore such modes
remain relevant to merging neutron stars with high spins or
rapidly rotating nascent neutron stars in the post-merger phase
[36].

3An additional scaling with compactness arises since the
modes are observed at “infinity” and must be corrected for the
gravitational redshift at the star’s surface.
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A. Non-radial oscillations in general relativity

Thorne et al. first studied NS oscillations coupled with
gravitational radiation [51]. Oscillations of NSs are
expected to be linear scalar variations of pressure and
density. Since scalar variations in spherical harmonics are
of even parity, only even-parity perturbations of the Regge-
Wheeler metric are considered:

ds2 ¼ −eνðrÞ½1þ rlH0ðrÞeiωtYlmðϕ; θÞ�c2dt2
þ eλðrÞ½1 − rlH0ðrÞeiωtYlmðϕ; θÞ�dr2
þ ½1 − rlKðrÞeiωtYlmðϕ; θÞ�r2dΩ2

− 2iωrlþ1H1ðrÞeiωtYlmðϕ; θÞdtdr; ð1Þ

where

eλðrÞ ¼ 1

1 − 2GmðrÞ
c2r

ð2Þ

and

eνðrÞ ¼ exp

�
−
2G
c2

Z
r

0

�½mðr0Þ þ 4πpðr0Þr03
c2 �

r0½r0 − 2mðr0ÞG
c2 �

�
dr0

�
eν0 ; ð3Þ

where mðr0Þ is the enclosed mass of the star at r0 and p is
the pressure at r. The functions H0, H1, and K are radial
perturbations of the metric and the angular part is contained
in the spherical harmonics Ylm with l denoting the orbital
angular momentum number and m the azimuthal number.
The quantity ω is a complex oscillation frequency; its real
component is the oscillation frequency and its imaginary
component is the inverse of the damping time (if it is
positive). We can compute both in the GR framework. The
perturbations of the metric inside the star and outside the
star must match at the stellar surface. The factor eν0 [39]
accounts for a matching of the exterior and interior
unperturbed metric.
Perturbations of the fluid inside the star are described by

the Lagrangian displacement vector

ξr ¼ rl−1e−
λ
2WYl

meiωt ð4Þ

ξθ ¼ −rl−2V∂θYl
meiωt ð5Þ

ξϕ ¼ −
rl−2

sin2 θ
V∂ϕYl

meiωt; ð6Þ

which defines the perturbation amplitudesW and V, with a
dimension of ½R�2−l where R is the radius of the star. We
assume the perturbed fluid is ideal. Superfluidity inside NS

introduces an additional flow component which is dis-
cussed in other works [31,52–54]. The perturbations are
also assumed to be adiabatic, which holds only when the in-
medium β-decay time scale is much longer than the
oscillation period. Nonadiabatic effects from the Urca
process during the inspiral and merger could lower the
g-mode frequency, which effectively damps the mode
energy, leading to weaker gravitational radiation [55,56].
Perturbations of a spherical star have four degrees of

freedom; three coming from the metric perturbations,
which will be reduced by one applying Einstein’s equation,
δG01 ¼ 8πδT01, and two coming from the fluid perturba-
tions. An additional function X, related to Lagrangian
pressure variations, in addition to H0, H1 and K is
defined as

Δp ¼ −rle−ν
2XYl

meiωt: ð7Þ

In order to avoid a singularity in the fourth-order
ordinary differential equations (ODEs) governing NS
oscillation for some frequency range, Lindblom et al.
[57,58] choose the four degrees of freedom to be H1, K,
W, and X. Evaluating the two remaining functions H0 and
V in terms of them yields

H0 ¼ f8πr2e−ν=2X − ½ðnþ 1ÞQ − ω2r2e−ðνþλÞ�H1

þ ½n − ω2r2e−ν − eλQðQ − e−λÞ�Kgð2bþ nþ QÞ−1;
ð8Þ

V ¼
�

X
εþ p

−
Q
r2
eðνþλÞ=2W − eν=2

H0

2

�
eν=2

ω2
; ð9Þ

where n ¼ ðl − 1Þðlþ 2Þ=2, b ¼ Gm=ðrc2Þ, Q ¼ bþ
4πGr2p=c4 and ε is the local energy density. By expanding
Einstein’s equation to first-order, the homogeneous linear
differential equations for H1, K, W and X are [58],

r
dH1

dr
¼ −½lþ 1þ 2beλ þ 4πr2eλðp − εÞ�H1

þ eλ½H0 þ K − 16πðεþ pÞV�; ð10Þ

r
dK
dr

¼ H0 þ ðnþ 1ÞH1

þ ½eλQ − l − 1�K − 8πðεþ pÞeλ=2W; ð11Þ

r
dW
dr

¼ −ðlþ 1Þ½W þ le
λ
2V�

þ r2eλ=2
�

e−ν=2X
ðεþ pÞc2ad

þH0

2
þ K; ð12Þ
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r
dX
dr

¼ −lX þ ðεþ pÞeν=2
2

�
ð3eλQ − 1ÞK −

4ðnþ 1ÞeλQ
r2

Vþð1 − eλQÞH0 þ ðr2ω2e−ν þ nþ 1ÞH1

− ½8πðεþ pÞeλ=2 þ 2ω2eλ=2−ν−r2
d
dr

�
e−λ=2

r2
dν
dr

��
W

�
; ð13Þ

where c2ad ¼ ∂p=∂ε is the adiabatic sound speed of NS
matter under oscillations, hence the ∂ here denotes a
derivative taken at fixed composition, i.e., assuming all
weak reactions are too slow compared to the oscillation
timescale. This is different from the equilibrium sound
speed c2eq ¼ dp=dε [16,59] where weak equilibrium is
assumed to be restored effectively instantaneously.
The boundary conditions for the perturbation functions

at the center of the star r ¼ 0 are

Wð0Þ ¼ 1 ð14Þ

Xð0Þ ¼ ðε0 þ p0Þeν0=2��
4π

3
ðε0 þ 3p0Þ −

ω2

l
e−ν0

�
Wð0Þ þ Kð0Þ

2

�
ð15Þ

H1ð0Þ ¼
lKð0Þ þ 8πðε0 þ p0ÞWð0Þ

nþ 1
ð16Þ

XðRÞ ¼ 0; ð17Þ

where the last boundary condition is obtained by solving
the two trial solutions with Kð0Þ ¼ �ðε0 þ p0Þ and then
linearly constructing the correct solution satisfying the
boundary condition Xðr ¼ RÞ ¼ 0 (no pressure variations
at the surface). Note that H0ð0Þ ¼ Kð0Þ by construction.

B. Relativistic Cowling approximation

In Newtonian theory of stellar pulsations, when the
perturbation of the gravity field due to matter perturbation
is neglected, this approximation is known as the Cowling
approximation [32], and the resulting equations for the
fluid perturbations are considerably simpler. Similarly, in
the case of the relativistic theory, the perturbation of the GR
metric is often neglected as well, leading to the relativistic
Cowling approximation. The relativistic Cowling equations
are obtained by setting H0 ¼ H1 ¼ K ¼ 0 in Eq. (9),
Eq. (12) and Eq. (13), and furthermore, omitting the term
−4πðεþ pÞ2eðνþλÞ=2W in Eq. (20), leading to

V ¼
�

X
εþ p

−
dΦ
d ln r

eðν−λÞ=2
W
r2

�
eν=2

ω2
; ð18Þ

dW
d ln r

¼ −ðlþ 1Þ½W þ le
λ
2V� þ r2eλ=2

�
e−ν=2X

ðεþ pÞc2ad

�
; ð19Þ

dX
d ln r

¼ −lX þ ðεþ pÞeν=2
�
−2ðnþ 1Þ dΦ

d ln r
V
r2

−
�
ω2eλ=2−ν − r2

d
dr

�
e−λ=2

r2
dΦ
dr

��
W

�
; ð20Þ

where Φ ¼ 2ν as in Eq. (3). The reason for omitting the
term −4πðεþ pÞ2eðνþλÞ=2W in Eq. (20) is that it follows
directly from the last term on the right-hand side of
Eq. (11), wherein an application of the Cowling approxi-
mation implies that this term should vanish for self-
consistency.
The boundary conditions for Eq. (19) and Eq. (20) are

obtained by setting K ¼ 0 in Eq. (15):

Xð0Þ ¼ ðε0 þ p0Þeν0=2
�
4π

3
ðε0 þ 3p0Þ −

ω2

l
e−ν0

�
Wð0Þ

ð21Þ

XðRÞ ¼ 0; ð22Þ

where the first condition is an initial value condition for the
ODE system Eq. (19) and Eq. (20), and the second one is
the boundary condition that determines the eigenvalue of
the oscillation frequency. Unlike the GR equations, where
one needs to determine the appropriate linear combination
of two trial functions at the origin that satisfy the surface
boundary condition, the initial values in the Cowling
approximation are uniquely fixed, which speeds up the
computational time by at least a factor of two. Obviously,
reducing four ODEs to two ODEs is another big advantage
of the Cowling approximation.
Although the set of ODEs, Eqs. (19), (20) represent the

equations obtained in the Cowling approximation, neither
they nor the boundary conditions above are generally used
in this form for the purpose of calculating the oscillation
frequencies. The variable X that appears in the GR
formalism can, in the Cowling approximation, be elimi-
nated in favor of W, V by inserting Eq. (18) into Eq. (19)
and Eq. (20) to obtain

dW
d ln r

¼ −ðlþ 1Þ½W þ le
λ
2V�

þ ðωrÞ2eλ=2−ν
c2ad

�
V þ eν−λ=2

ðωrÞ2
dΦ
d ln r

W

�
; ð23Þ
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dV
d ln r

¼
�
2

dΦ
d ln r

− l

�
V þ eλ=2W þ Δðc−2Þ dΦ

d ln r

×

�
V þ eν−λ=2

ðωrÞ2
dΦ
d ln r

W

�
; ð24Þ

where Δðc−2Þ ¼ 1
c2eq

− 1
c2ad
. The suitable boundary conditions

for these equations is discussed below.
The above two ODEs can be simplified further by

defining U ¼ −e−νV,

dW
d ln r

¼ −ðlþ 1Þ½W − leνþλ=2U�

−
eλ=2ðωrÞ2

c2ad

�
U −

dΦ
d ln r

e−λ=2

ðωrÞ2 W
�
; ð25Þ

dU
d ln r

¼ eλ=2−ν½W − leν−λ=2U�

þ Δðc−2Þ dΦ
d ln r

�
U −

dΦ
d ln r

e−λ=2

ðωrÞ2W
�
; ð26Þ

where W ¼ eλ=2r1−lξr and U ¼ r−lω−2δp=ðεþ pÞ,4 ξr are
proper radial Lagrangian displacements defined in
Eq. (4) and δp is the Eulerian perturbation of pressure,
which is related to the Lagrangian perturbation by
Δp ¼ δp − ðεþ pÞ dΦdr ξr. This form is particularly advan-
tageous because the boundary conditions are explicitly
collected in square brackets. The first square brackets of
Eq. (25) and Eq. (26) vanish at r ¼ 0, whereas the second
square brackets are proportional to the Lagrangian pressure
variation, which vanishes at r ¼ R. Explicitly, the boun-
dary conditions can be written as

W
U

����
r¼0

¼ leνc ¼ le2Φc ð27Þ

W
U

����
p¼0

¼ eλ=2ðωrÞ2
dΦ
d ln r

¼ ðωrÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2b

p

bþ 4πr2p

����
p¼0

¼ ðωRÞ2 c
2R

GM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2GM
c2R

r
; ð28Þ

which determines the eigenmode frequency of the
oscillation. Note that only the ratio between W and U
matters instead of the individual magnitudes of W and U,
as the corresponding eigenmode can have an arbitrary
amplitude. Thus, we simply take Wðr ¼ 0Þ ¼ 1 and
Uðr ¼ 0Þ ¼ e−2Φc=l. Because the two ODEs for W and
U are homogeneous ODEs, we can solve the ODE ofW=U
directly:

dðW=UÞ
d ln r

¼ −ðlþ 1Þ
�
W
U

− leνþλ=2

�

− eλ=2−ν
W
U

�
W
U

− leν−λ=2
�

−
�
eλ=2ðωrÞ2

c2ad
þ Δðc−2Þ dΦ

d ln r
W
U

�

×

�
1 −

dΦ
d ln r

e−λ=2

ðωrÞ2
W
U

�
ð29Þ

In this form, we only need to solve one ODE instead of two
ODEs, and the boundary conditions are more straightfor-
ward to implement.

III. EQUATIONS OF STATEWITH ANDWITHOUT
QUARKS

The discussion in the previous section shows that
the pressure p, energy density ε, and their derivatives
c2eq ¼ dp=dε and c2ad ¼ ∂p=∂ε inside the NS feature
prominently in determining g-modes both in GR and in
the Cowling approximation. The global g-mode frequency
is related to the local g-mode frequency νg known as the
Brunt-Väisälä frequency,

ν2g ¼ g2eν−λΔðc−2Þ; ð30Þ

where ν and λ are the temporal and radial metric functions.
Here, g ¼ ðdp=drÞðεþ pÞ−1 is the local gravity, and
Δðc−2Þ ¼ 1=c2eq − 1=c2ad is difference of squared inverse
sound speeds.
In what follows, we briefly describe the equations of

state (EOSs), the relation between p and ε, used in this
work, both for the case of nucleons- and leptons-only
matter and that including quarks. In the latter case, we
consider quarks appearing according to the Gibbs con-
struction as well as when there is a smooth crossover. The
case of discontinuous g-modes [60,61] encountered in the
case when Maxwell construction is used to treat first-order
phase transitions is considered in a separate work [27].

A. Nucleonic matter EOS

We describe nucleonic matter using the Zhao-Lattimer
(ZL) [62] model. We adjust its parameters such that the
nuclear saturation density nsat ¼ 0.16 fm−3, the binding
energy Esat ¼ −16 MeV, the compression modulus
Ksat ¼ 230 MeV, and the symmetry energy Sv ¼ 31 MeV.
The high-density behavior is controlled by varying the
slope of the symmetry energy parameter, L, within the
range 40–70 MeV, and a power-law index γ1 fixed at a
value of 2.
For a nucleonic system in which baryon number con-

servation, charge neutrality and β-equilibrium have not
been imposed, the independent variables are the baryon

4As a crosscheck on the limiting procedure, Eqs. (25) and (26)
are identical to the Cowling approximation Eqs. (79) in [16] with
the replacements W → U=rlþ1, U → V=ðω2rlÞ, where U, V
indicate the fluid variables used in Eqs. (79) of [16].
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density nB and the individual nucleon fractions yn, yp. The
total energy density of such a system, as given by the ZL
functional, is

εH ¼ 1

8π2ℏ3

X
h¼n;p

fkFhðk2Fhþm2
HÞ1=2ð2k2Fhþm2

HÞ

−m4
H ln

�
kFhþðk2Fhþm2

HÞ1=2
mH

��

þ4n2Bynyp

�
a0
nsat

þ b0
nγsat

½nBðynþypÞ�γ−1
�

þn2Bðyn−ypÞ2
�
a1
nsat

þ b1
nγ1sat

½nBðynþypÞ�γ1−1
�
: ð31Þ

Here mH ¼ 939.5 MeV is the common nucleon mass, and
kFh ¼ ð3π2ℏ3nByhÞ1=3 is the Fermi momentum of nucleon
species h. Note that, in the present context, “H” and “h”
denote nucleons. The parameters a0, b0 and γ refer to
isospin-symmetric matter, whereas a1, b1 and γ1 to isospin-
asymmetric matter.
We get the chemical potentials from (see [17] for explicit

expressions)

μh1 ¼
1

nB

∂εH
∂yh1

����
nB;yh2

; ð32Þ

the pressure from the thermodynamic identity

pH ¼ nB
X
h¼n;p

μhyh − εH; ð33Þ

and the equilibrium speed of sound from

�
ceq
c

�
2

¼ dpH

dεH
: ð34Þ

The adiabatic speed of sound is obtained from the partial
derivatives of the pressure and the total energy density with
respect to baryon density with all particle fractions fixed

�
cad
c

�
2

¼ ∂pH

∂nB
����
yh

�∂εH
∂nB

����
yh

�
−1
: ð35Þ

B. Quark matter EOS

For the calculation of the quark EOS, we use the vMIT
bag model [63,64] whose Lagrangian density is given by

L ¼
X

q¼u;d;s

½ψ̄qði=∂ −mq − BÞψq þ Lvec�Θ; ð36Þ

where Lvec describes repulsive interactions between quarks
of mass mq confined within a bag (denoted by the Θ
function):

Lvec ¼ −Gv

X
q

ψ̄ γμVμψ þ ðm2
V=2ÞVμVμ: ð37Þ

B is a constant reflecting the cost of confining the quarks
inside the bag, and the mq are the current quark masses
(here, mu ¼ 5 MeV, md ¼ 7 MeV, and ms ¼ 150 MeV).
The energy density, chemical potentials, and pressure,

corresponding to the above Lagrangian (before the appli-
cation baryon number conservation, charge neutrality, and
chemical equilibrium) are

εQ ¼
X

q¼u;d;s

εq þ
1

2
aℏ½nBðyu þ yd þ ysÞ�2 þ

B
ℏ3

ð38Þ

εq ¼
3

8π2ℏ3
fkFqðk2Fq þm2

qÞ1=2ð2k2Fq þm2
qÞ

−m4
q ln

�
kFq þ ðk2Fq þm2

qÞ1=2
mq

��
ð39Þ

μq ¼ ðk2Fq þm2
qÞ1=2 þ aℏnBðyu þ yd þ ysÞ ð40Þ

pQ ¼ nB
X

q¼u;d;s

μqyq − εQ ð41Þ

where a≡ ðGv=mVÞ2 and kFq ¼ ðπ2ℏ3nByqÞ1=3. We fix the
vector interaction parameter a ¼ 0.2 fm−2 and the bag
constant B1=4 ¼ 180 MeV.

C. Leptons

The smallness of the electromagnetic fine structure
constant α ≃ 1=137, means that leptons can be treated as
noninteracting, relativistic particles and therefore

εL ¼ 1

8π2ℏ3

X
l

fkFlðk2Fl þm2
l Þ1=2ð2k2Fl þm2

l Þ

−m4
l ln

�
kFl þ ðk2Fl þm2

l Þ1=2
ml

��
ð42Þ

μl ¼ ðk2Fl þm2
l Þ1=2 ð43Þ

pL ¼ nB
X
l

ylμl − εL ð44Þ

kFl ¼ ð3π2ℏ3nBylÞ1=3; l ¼ e; μ: ð45Þ

At low baryon densities only electrons are present in the
system. Muons appear at a density nB such that the
condition μe −mμ ¼ 0 is met.

D. Crossover matter

For the calculation of crossover-matter properties we rely
on the Kapusta-Welle (KW) [11,17] framework in the
context of which the pressure is given by
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pB ¼ ð1 − SÞpH þ SpQ: ð46Þ

pH and pQ are the hadron and quark pure-phase pressures
respectively, and the switch function

S ¼ exp

�
−
�
μ0
μ

�
4
�

ð47Þ

gives the fraction of quark matter to the total baryonic
matter when both quarks and nucleons are present. μ is the
average nucleonic chemical potential

μ ¼ nnμn þ npμp
nn þ np

; ð48Þ

and μ0 a typical energy scale for the crossover
(here, μ0 ¼ 1.8 GeV).
Applying the grand-canonical expression ni ¼ ∂p

∂μi jμj toEq. (46) we find

n�h ¼ nh

�
1 − S

�
1 −

4μ40
μ5

pQ − pH

nn þ np

��
ð49Þ

n�q ¼ Snq: ð50Þ

for the crossover-matter densities (starred) of nucleons and
quarks. Above, the unstarred densities are those of the pure
phases. For leptons this distinction is irrelevant.
Finally, the energy density εB is given by

εB ¼ −pB þ
X

i¼n;p;u;d;s

n�i μi: ð51Þ

The chemical potentials in crossover matter are (function-
ally) the same as in the pure phases.

1. Neutron star matter

For a proper description of neutron-star matter that
consists of nucleons, leptons and quarks, the previously
unconstrained system must be subjected to the conditions
of strong

μn ¼ 2μd þ μu; μp ¼ 2μu þ μd ð52Þ

and weak equilibrium

μn ¼ μp þ μe; μe ¼ μμ; μd ¼ μs ð53Þ

as well as to charge neutrality

n�p þ ð2n�u − n�d − n�sÞ=3 − ðne þ nμÞ ¼ 0 ð54Þ

and baryon number conservation

n�n þ n�p þ ðn�u þ n�d þ n�sÞ=3 − nB ¼ 0: ð55Þ

These conditions eliminate the particle fractions in favor of
the total baryon density:

yi → yi;βðnBÞ; i ¼ n; p; u; d; s; e; μ ð56Þ

2. Sound speeds

The total pressure and energy density in the crossover
region are

p ¼ pB þ pe þ pμ ð57Þ

ε ¼ εB þ εe þ εμ: ð58Þ

Using these, the adiabatic speed of sound is obtained by
first calculating the expression

c2adðnB; yiÞ ¼
∂p
∂nB

����
yi

� ∂ε
∂nB

����
yi

�
−1

ð59Þ

and then evaluating it in β-equilibrium

c2ad;βðnBÞ ¼ c2ad½nB; yi;βðnBÞ�: ð60Þ

The equilibrium sound speed is given by the total deriv-
atives of the pressure and the energy density with respect to
the baryon density after the enforcement of β-equilibrium,

c2eq ¼
dpβ

dnB

�
dεβ
dnB

�
−1
: ð61Þ

E. Gibbs construction

As in the crossover matter case, all thermodynamic
quantities are expressed in terms of the total baryon density
nB, and the individual particle fractions yn, yp, ye, yμ, yu,
yd, ys which are, at this point, independent variables.
The Gibbs construction itself, introduces another
independent variable, χ, which is the volume fraction of
quarks in the mixed phase of a soft first-order transition
such that

εB ¼ ð1 − χÞεH þ χεQ; ð62Þ

that is, the mixed phase is defined by the condi-
tion 0 ≤ χ ≤ 1.
Afterwards, the conditions for mechanical, strong, and

weak equilibrium, charge neutrality, and baryon number
conservation are applied:

pH ¼ pQ; μn ¼ 2μd þ μu; μp ¼ 2μu þ μd ð63Þ
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μn ¼ μp þ μe; μe ¼ μμ; μd ¼ μs ð64Þ

3ð1 − χÞyp þ χð2yu − yd − ysÞ − 3ðye þ yμÞ ¼ 0 ð65Þ

3ð1 − χÞðyn þ ypÞ þ χðyu þ yd þ ysÞ − 3 ¼ 0: ð66Þ

Solving these equations eliminates the yi and χ in favor
of nB. Thus the state variables become functions of only nB
according to the rule

QðnB; yi; yj;…Þ → Q½nB; yiðnBÞ; yjðnBÞ;…� ¼ QðnBÞ:

Then, the thermodynamics of the mixed ð�Þ phase are

ε� ¼ ð1 − χÞεH þ χεQ þ εL ð67Þ

p� ¼ pH þ pL ¼ pQ þ pL

¼ ð1 − χÞpH þ χpQ þ pL ð68Þ

μ�h ¼ μh; μ�q ¼ μq ð69Þ

y�h ¼ ð1 − χÞyh; y�q ¼ χyq: ð70Þ

Quantities corresponding to leptons are not affected by the
ratio of the two baryonic components in the mixed phase.
The sound speeds are obtained following the prescription

outlined in the previous section.

IV. RESULTS AND DISCUSSION

Figure 1 is a representation of the EOSs used in this work
in the pressure vs energy-density plane. The three classes of
EOSs are identical at low and intermediate energies being
that quark contributions are 0 for ZL and Gibbs and
vanishingly small for KW. The width of the band is a
consequence of the variation of the slope of the symmetry
energy L in the range 40–70 MeV. At higher energies the
importance of L diminishes; here, the differences between
curves are due to the presence (Gibbs and KW) or absence
(ZL) of quarks and, to a lesser extent, the manner in which

matter containing quarks is reached (soft first-order tran-
sition or crossover). All EOSs produce NSs consistent with
the 2 M⊙ observations; however, those corresponding to
small L’s lead to radii that are outside the 1-σ constraints of
recent studies (e.g., [65]).
The equilibrium and adiabatic squared sound speeds vs

baryon density for the three models are shown in Figs. 2
and 3, respectively, for low (40 MeV—red), intermediate
(55 MeV—blue) and large (70 MeV—green) values of L.
The curves for the purely-nucleonic model (ZL) grow
monotonically and even exceed 1; albeit at densities
beyond those reached in the cores of the maximum-mass
NSs. Note, however, that violation of causality is not a
pathology of the ZL functional but, instead, the result of our
choosing a large γ1. On the other hand, the appearance or
enhancement of quarks slows down and/or reverses the

FIG. 2. Squared equilibrium sound speeds vs baryon density for
the models indicated in the inset. See also text for more details.

TABLE I. Neutron star properties for the EOSs used in this
work.

Model L (MeV) Mmax (M⊙) Rmax (km) R1.4 (km)

ZL 40 2.09 10.3 11.8
55 2.11 11.0 12.6
70 2.10 11.2 13.1

KW 40 2.03 10.6 11.8
55 2.01 11.3 12.6
70 2.01 11.7 13.2

Gibbs 40 2.04 10.6 11.8
55 2.00 10.9 12.6
70 1.98 10.9 13.2

FIG. 1. Range of EOSs displayed as pressure p versus energy
density ε. The composition of the three models used are: for ZL,
nucleons and leptons, for Gibbs, nucleons, quarks, and leptons in
a soft first-order phase transition description, and for KW, the
same as for Gibbs, but in a crossover description.
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growth in sound-speed (smoothly for KW and discontin-
uously for Gibbs).
Figure 4 shows the difference of the inverses of the two

sound speeds (squared), that determines the profile of the
local oscillation frequency, i.e., the Brunt-Väisälä fre-
quency Eq. (30) (see Fig. 8 in [17] for an example of
the profile of the Brunt-Väisälä for the class of models
used in this work). All three models contain two sharp
peaks at low densities which are due to the nuclear liquid-
gas phase transition (∼0.1 fm−3) and to the muon onset
(∼0.15 fm−3). The Gibbs model also exhibits sharp peaks
at intermediate densities as a result of deconfinement; the
height(location) of these peaks is (inversely)proportional
to L. Less pronounced, broader peaks occur in the case of
KW as well. Similar to the g-mode study [33] which
included muons and hyperons (but no quarks), we may
interpret the distinct peaks in Fig. 4 as leading to a muonic
g-mode and a g-mode from the onset of quarks.

The lowest order g-mode frequencies of these 9 para-
metrizations are shown in Fig. 5(a) for full GR calculations
(solid curves) and those using the Cowling approximation
(dashed curves). The Cowling approximation generates
g-mode frequency curves that are qualitatively similar to
those with the full GR metric perturbations. Quantitative
differences do exist, however, with the Cowling approxi-
mation generally underestimating the g-mode frequencies
by a few % to about 10%.
Table II records the lowest order g-mode frequencies of

NSs with 1 M⊙, 1.4 M⊙ and Mmax for various EOSs.
Previous studies [24,35] have suggested that the Cowling
approximation introduces an error of less than 5% for the
g-mode frequency. However, our calculation suggests this
is only true for NSs with low masses, M≲ 1.6 M⊙. As
shown in Fig. 5(b), the deviation increases with the NS
mass, reaching ≈10% for NSs close to their maximum
mass.

FIG. 4. Difference of squared inverse sound speeds, 1=c2eq −
1=c2ad for the same models as in Fig. 2.

(a)

(b)

FIG. 5. (a) Comparison of general relativistic and Cowling
approximation (dotted curves) g-mode frequencies vs neutron
star mass for the various EOSs considered in this work.
(b) Relative errors. All curves in (a) and (b) terminate at their
maximum masses.

FIG. 3. Squared adiabatic sound speeds vs baryon density for
the same models as in Fig. 2.
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The fact that the Cowling approximation works better for
low mass NSs is not surprising insofar as they have smaller
gravity. Thus, the metric perturbations corresponding to
perturbations of gravity are correspondingly weak. This
effect is evident in low mass NSs of the ZL40 EOS where
Δðc−2Þ ≈ 0 for 0.2 fm−3 ≲ nB ≲ 0.7 fm−3. Therefore, the
g-mode oscillation is supported mostly by matter close to
the surface of the NS where gravity is weak, which allows
the Cowling approximation to be particularly accurate, see
Fig. 5(b). We illustrate this comparing results for a 1.4 M⊙
NS with those of a 2.11 M⊙ (maximum mass) NS with the
ZL55 EOS. Figure 6 shows the fluid and metric perturba-
tion functions for the above two cases with (dashed curves)
and without (solid curves) the Cowling approximation. In
the case of the 1.4 M⊙ NS, the Cowling approximation
produces a nearly identical fluid perturbation profile as GR
with the full metric perturbation. As a result, the character-
istic frequency decreases from 240.6 Hz to 230.1 Hz with
an error of less than 5%. The small kink in the metric
function V close to the surface in panel (a) arises due to the
core-crust transition which is negligible in panel (b). In
the case of the 2.11 M⊙ NS, the average magnitudes of the
metric perturbation are about an order of magnitude larger
than that for the 1.4 M⊙ NS. In addition, the fluid
perturbation function with the Cowling approximation
deviates from GR significantly. The characteristic fre-
quency decreases from 582.5 Hz to 522.4 Hz with an
error of about 10% when the Cowling approximation
is used.
One of the goals of this paper is to investigate the

existence of a scaling relation involving the g-mode
frequency and an internal attribute of the NS. Previous
studies have shown that the f-mode universally correlates
with compactness [40] and moment of inertia [43], and the
p-mode correlates with mean density [66], the discontinu-
ous g-mode correlates with the density discontinuity and
transition density [25,27,60,61]. Since the restoring force
for the g-mode is the tendency toward chemical equilib-
rium, the associated frequency should be related to the

frequency of the local chemical oscillation in matter which
is proportional to the difference between the equilibrium
and adiabatic sound speeds. This difference depends
strongly on the lepton fraction in equilibrium in the case
of NS matter. Thus, we investigate the role of the lepton
fraction in the scaling relation regarding g-mode frequency.
The lepton fraction Y lep ¼ ye þ yμ as a function of

baryon number density is determined by the EOS.
Figure 7(a) shows the trends for the various EOSs con-
sidered in this work. The markers on these curves indicate
the maximum mass configurations. The monotonic
increase of Y lep with nB is due to a similar monotonic
increase of the symmerty energy for ZL EOSs with
nucleons and leptons only. In contrast, the lepton fractions

TABLE II. Lowest order g-mode frequency (Hz) of typical NSs
for the EOSs in Table I without(with) Cowling approximation.

Model 1 M⊙ 1.4 M⊙ Mmax

ZL 114.8 (114.3) 104.2 (103.4) 386.4 (341.4)
187.3 (181.9) 240.6 (230.1) 582.5 (522.4)
242.6 (236.3) 323.6 (311.2) 700.2 (638.6)

Gibbs 114.8 (114.3) 104.2 (103.4) 578.4 (528.4)
187.3 (181.9) 240.6 (230.1) 801.5 (736.3)
242.6 (236.3) 323.6 (311.2) 948.4 (886.9)

KW 114.6 (114.1) 103.6 (102.9) 597.6 (541.4)
186.9 (181.6) 240.7 (230.2) 580.3 (528.4)
242.6 (236.3) 324.0 (311.5) 653.6 (602.2)

(a)

(b)

FIG. 6. g-mode fluid perturbation functions’ radial profile of
general relativistic (solid curves) and Cowling approximation
(dotted curves) as well as metric perturbation functions’ radial
profile (dashed curves) with ZL55 EOS for (a) 1.4 M⊙ NS and
(b) 2.11 M⊙ (maximum mass) NS. W and V are dimensionless,
while H0, H1 and K are in units of empirical energy density at
saturation εs ¼ 152.55 MeV fm−3 and X is in units of ε2s .
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of hybrid EOSs deviate from those of nucleonic EOSs at the
onset of quarks. The downward trends with nB are due to
the fact that the charged quarks render the fractions of
leptons to be diminished in satisfying charge neutrality. In
the case of Gibbs construction, the quark-hadron transition
is of first-order, leading to a sharp kink in Y lep. The KW
crossover treatment uses a smooth bridge between the
quark and nucleonic EOSs, and results in a smooth Y lep.
Hybrid NSs with both Gibbs and KW constructions
approach the limit of pure quark matter at high density
causing Y lep ¼ 0.
Figure 7(b) shows the lepton fraction at the center of the

NS, Yc
lep, taken to be its characteristic lepton fraction, as a

function of mass. Note that Yc
lep follows the same trend as in

Fig. 7(a), with the x-axis scaled. The curves become steep
on the right side since the central density increases quickly
toward maximum mass configurations.

The g-mode frequency is shown in Fig. 5(a). Results
for the nucleonic EOS (ZL) have identical shapes as
in Figs. 7(b) and 5(a), indicating a strong correlation
between the central lepton fraction and the g-mode fre-
quency. We introduce a dimensionless g-mode frequency as
Ωg ¼ GMωg=c3, which universally correlates with the
central lepton fraction for nucleonic NSs, see Fig. 8(b).
This correlation is well fit with the linear form

Ωg ¼ 1.228ðYc − 0.05Þ; ð71Þ

where Yc ¼ Yc
lep is a characteristic of weak equilibrium

which dominates the g-mode in nucleonic NSs.
The hybrid NSs, however, deviate from the above

correlation. Figure 8 shows that Y lep decreases with density
after the onset of quarks, whereas the g-mode frequency
keeps increasing. Because the quark-hadron mixture intro-
duces additional strong equilibrium between nucleons and

(a)

(b)

FIG. 7. (a) Lepton number fraction as a function of baryon
number density. (b) Lepton number fraction at the center of NS as
a function of NS mass. Markers on the curves indicate the
maximum mass configurations of the corresponding EOS.

(a)

(b)

FIG. 8. (a) Comparison of the g-mode frequencies vs lepton
fraction for the various EOSswith andwithout quarks. (b) Same as
(a) but for the dimensionless quantityGMωg=c3 vs lepton fraction.
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quarks, we characterize the quark content of hybrid NSs by
the quark number fraction Yqak ¼ ðyu þ yd þ ysÞ=3.
In order to combine the contribution from strong and

weak equilibrium, we take Y lep þ Yqak as a new dimension-
less parameter to obtain an EOS-insensitive relation for the
g-mode frequency, as shown in Fig. 8. Results of Yqak for
hybrid NS EOSs are shown in Fig. 9. The quark fraction
increases steeply with density for Gibbs, whereas it
increases slowly at low density and become steep at higher
density for KW. A similar tendency can be observed in
g-mode frequency as well, see Fig. 5(a), indicating a
strong correlation between the central quark fraction and
the g-mode frequency.
The universal relation in Eq. (71) can be used for hybrid

NSs with Yc ¼ Yc
lep þ Yc

qak. Given the fact that ZL, Gibbs
and KW EOSs have drastically different compositions,
this universal relation is adequate enough, compared
with the 10% deviation caused by the Cowling approxima-
tion. Results illustrating this relation are shown in Fig. 10.

V. SUMMARY AND CONCLUSIONS

In this work, we extended the calculation of g-mode
oscillations in hybrid stars that we initiated within the
Cowling approximation in [16,17], to the linearized per-
turbation equations of general relativity. Our main objec-
tives were to quantify the differences in the g-mode
spectrum for nucleonic and hybrid stars between the full
GR and Cowling approximation approaches, as well as to
obtain new scaling relations between mode frequencies and
global stellar properties. We utilized self-consistent fluid
and metric perturbation equations employed in [57,67],
taking care to choose variables that are singularity-free
inside the star and verifying their limiting forms that yield
the equations of the relativistic Cowling approximation.
The microscopic description of nucleonic and quark matter
is identical to our previous work [17], allowing for a
direct comparison of results between the Cowling and
general relativistic framework. Assuming an ideal, zero-
temperature fluid, we also computed the damping times for
g-modes from the imaginary part of the frequency and
found them to be very long compared to merger timescales
or any other dynamical timescales over which g-modes
might be excited, indicating that these modes are long-
lived. We do not consider the possibility of rapid dis-
sipation and damping due to nonadiabatic effects in
neutrino-trapped matter, or viscous damping of higher
order g-modes, which can considerably narrow the insta-
bility window in rotation rate and temperature [35].
Different formalisms [68,69] have been suggested to
address causality and stability of perturbations in relativ-
istic dissipative self-gravitating fluids, which can be ave-
nues for future work. Whatever the actual damping rates
may be, such modes, if excited to sufficient amplitude, can
act as a source of gravitational wave emission owing to the
CFS instability [70,71] in rotating neutron/hybrid stars,

(a)

(b)

FIG. 9. (a) Same as Fig. 7(a) but for quark fraction Yqak in
hybrid NS. (b) Same as Fig. 7(b) but for quark fraction Yqak in
hybrid NS. Markers on the curves indicate the maximum mass
configurations of the corresponding EOS.

FIG. 10. Same as Fig. 8(b) but with x-axis replaced with
Y lep þ Yqak for hybrid NS EOS.
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providing a link between the gravitational wave signal and
the composition of the star.
Our principal finding is that, for any given stellar

configuration up to the maximum mass (about
2–2.25 M⊙ depending on the EOS), the fundamental
g-mode (i.e., the one with the lowest frequency) in general
relativity agrees to within ≈10% with that obtained in the
Cowling approximation, with the precise amount of
deviation decreasing with decreasing stellar mass. This
trend is expected due to the decreasing relevance of general
relativity for lower mass neutron stars, but we find devia-
tions to be larger than previously suggested [24,35],
especially for higher mass stars. This finding holds whether
the star is purely composed of nucleons, or if it contains an
admixture of quarks. We therefore conclude that results for
g-mode frequencies in the Cowling approximation are
fairly robust across the range of observed neutron star
masses for both nucleonic and hybrid stars.
Interestingly, the deviations between the Cowling and

general relativistic results are largest for nucleonic stars,
while for hybrid stars modeled by the Gibbs construction,
they decrease substantially at the onset of the quark phase
(threshold NS mass ≈1.8 M⊙) before rising again as the
maximummass is approached. We suspect this is due to the
fact that g-mode frequencies are mainly determined by
differences between the equilibrium and adiabatic sound
speeds, which in turn depend on the input microscopic EOS
rather than general relativistic effects; as the sound speed
difference increases sharply when quarks appear in the
Gibbs phase, their impact on the g-mode frequencies
overwhelms any effects that stem from general relativity.
This would be consistent with the clearly nonmonotonic
behavior in the deviation that is evident in the Gibbs
construction, but is absent from the crossover models where
quarks are admixed with nucleons at any density. In other
words, while it is possible to find crossover models for
hybrid stars where the Cowling approximation is an
excellent approximation for any neutron star mass, the
reliability of the approximation in the Gibbs case depends
on the neutron star mass.
This is not to imply that the inclusion of metric

perturbations has no effect on the g-mode itself. In neutron
star masses of ≈2 M⊙ or larger, metric perturbation
amplitudes in the star are an order of magnitude larger
compared to a canonical mass of ≈1.4 M⊙, effectively
decreasing the size of the fluid perturbations by up to 10%
compared to the Cowling result. Ultimately, the coupling of
the fluid to the background metric is what determines the
gravitational wave amplitude, and the detectability of the
gravitational wave signal.
By studying trends in the g-mode with composition,

we also found a universal relation between the (dimen-
sionless) g-mode frequency and the central lepton (or
leptonþ quark) fraction of a purely-nucleonic (hybrid) NS.

In both cases, this is understood to be a consequence of the
dependence of the sound speed difference on changes in
lepton and quark fractions as these particle species drive
reactions that restore weak and strong equilibrium, respec-
tively, in the perturbed fluid. While the simple universal
relation presented here works remarkably well for a purely-
nucleonic star, it is to be employed with caution for hybrid
stars, as compositional changes can be varied and sudden,
depending on how the phase transition is modeled therein.
In general, the applicability of this universal relation is less
sensitive to the inclusion of general relativity than it is to
compositional changes in the hybrid EOS, with the Gibbs
construction deviating more than the crossover models.
Besides leptons and quarks, other degrees of freedom such
as hyperons could play a similar role in increasing the
sound speed difference [33]. The universal relation could
be extended when additional degrees of freedom are
introduced. Although no core oscillation modes have yet
been detected from gravitational waves or electromagnetic
observations, such universal relations and their relation to
global stellar attributes are of practical value in constraining
mode frequencies, as has been demonstrated for the case of
f-modes [29]. One hopes that in the future, with third
generation detectors like the Einstein Telescope or Cosmic
Explorer, either through the direct detection of g-modes or
its coupling to transient electromagnetic bursts [15], we can
have conclusive evidence about the composition of neutron
star interiors.
Our results are of relevance to the late stages of a binary

NS merger, particularly during the inspiral phase when the
tidal field reaches resonance with either star’s internal
oscillation modes, resulting in energy and angular momen-
tum transfer from matter to gravitational waves. Among
these modes, while the f-mode has traditionally been the
focus of study, the g-mode is unique in its sensitivity to
composition, therefore, studying the effect of general
relativity on the g-mode of neutron/hybrid stars is deserving
of further study. The lower frequency g-mode could excite
resonance at the earlier stage of a merger, making it much
more likely to be observed in GWdetectors. Building on our
work presented here, incorporating effects such as rotation
[36,72,73] and superfluidity [52,74] will help in under-
standing the g-modes of hybrid stars more thoroughly.
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